We calculate the vector meson masses in N f = 2 + 1 Wilson chiral perturbation theory at next-to-leading order. Generalizing the framework of heavy vector meson chiral perturbation theory, the quark mass and the lattice cutoff dependence of the vector meson masses is derived. Our chiral order counting assumes that the lattice cut-off artifacts are of the order of the typical pion momenta, p ∼ aΛ 2 QCD . This counting scheme is consistent with the one in the pseudo scalar meson sector where the O(a 2 ) terms are included in the leading order chiral Lagrangian.
I. INTRODUCTION
This is the second in a series of papers where we compute a variety of mesonic quantities in 2+1 flavor Wilson Chiral Perturbation Theory (Wilson χ PT). After having computed the pseudo scalar mesons masses [1] we present here the results for the vector meson masses. The calculation of the pseudo scalar decay constants and the axial vector Ward identity quark mass is in progress [2] .
The main goal of this series of papers is to provide the necessary chiral fit forms for unquenched 2+1 flavor Lattice QCD simulations with improved Wilson fermions, as they have been currently performed by the CP-PACS/JLQCD collaboration [3] .
The quark masses in the CP-PACS/JLQCD simulations are heavier than their physical values.
The ratio of the pseudo scalar to vector meson mass is in the range m P S /m V ≃ 0.62 − 0.78. A chiral extrapolation in the light up and down quark masses is thus required. In order to perform the chiral extrapolation before taking the continuum limit we formulate χ PT at non-zero lattice spacing, as originally proposed in Refs. [4, 5] . A variety of pseudo scalar quantities has been already computed, mainly for 2 flavor Wilson χ PT (see Ref. [6] and references therein). Although the vector meson masses were calculated recently in 2 flavor partially quenched Wilson χ PT [7] , the result for 2+1 flavors was missing.
In this paper we follow the heavy vector meson formalism first introduced by Jenkins et. al.
in Ref. [8] . The generalization to Lattice QCD at non-zero lattice spacing a is straightforward and mirrors the strategy spelled out in Refs. [4, 5] . However, since the lattice spacing is an additional expansion parameter the power counting requires some care. Here we adopt a power counting which assumes that lattice cut-off artifacts are of the order of the typical pion momenta, aΛ 2 QCD ∼ p, as it was assumed in Ref. [9] . Previous results in unquenched 2-flavor simulations [10] seem to indicate that this is the appropriate power counting for describing the lattice results of the CP-PACS/JLQCD collaboration.
There is a price to pay if one wants to perform the chiral extrapolation before taking the continuum limit. The chiral fit forms contain terms proportional to powers of the lattice spacing accompanied by additional unknown low-energy constants. These constants are essentially unconstrained and serve as additional fit parameters. Obviously, the presence of too many of these additional parameters would limit or even spoil the chiral extrapolation. Our one loop results for the ρ and K * meson masses contain seven unknown fit parameters compared to three in the corresponding continuum χ PT result of Ref. [8] . This number is still small enough for the results to be useful for the chiral extrapolation of the CP-PACS/JLQCD collaboration data. This paper is organized as follows. In Sec. II, we briefly review the heavy meson formalism, as it was introduced in Ref. [8] . In Sec. III we first summarize the meson and spurion fields which are necessary in our calculation. After discussing the power counting we derive the chiral effective Lagrangian and compute the vector meson masses to one loop. Concluding remarks are given in section IV.
II. HEAVY VECTOR MESON EFFECTIVE THEORY
We adopt the heavy vector meson effective theory to derive the quark mass and lattice spacing dependence of the vector meson masses. 1 This effective theory can deal with vector number conserving decay processes like V −→ V ′ X, where V and V ′ are vector mesons, and X represents a state with one or more low momentum pseudo scalar mesons. One the other hand, it cannot be applied to the process ρ −→ ππ, for example, since this decay includes hard pions in the final state.
Some physical quantities have been calculated within the continuum formulation of the heavy vector meson effective theory. The first result for the vector meson masses up to O(p 3 ) can be found in Ref. [8] . The effects of isospin breaking and electromagnetic corrections are included in Ref. [12] . The calculation of the vector meson masses to O(p 4 ) was done in Ref. [13] , while the results for the decay constants are given in Ref. [14] . For results in quenched and partially quenched χ PT, see Ref. [15] and Ref. [16] , respectively.
Let us briefly review the main idea behind the heavy vector meson formalism. The following argument can be found in Ref. [14] . The vector meson sector introduces a typical energy scale, the vector meson mass m V . This mass does not vanish in the chiral limit, and it is of about the same size as the chiral symmetry breaking scale, 4πf π ∼ 1 GeV. The vector mesons are described by heavy matter fields. In order to obtain the Lagrangian of the effective theory one expands the relativistic Lagrangian in powers of 1/m V . The starting point is the free relativistic vector meson Lagrangian,
The relativistic field V µ is decomposed into two parts, a parallel and a perpendicular component with respect to the 4-velocity v µ (v 2 = 1) of the vector meson,
where
is the projector which selects the perpendicular component of the vector field ( P 2 = P , v µ P µν = 0).
V ⊥µ and V can further be written as
where W µ and W † µ are effective vector meson fields, and P µν W ν = W µ and P µν W ν † = W † µ are understood. By neglecting terms proportional to exp (±2im V v · x), which oscillate rapidly if one takes m V to infinity, the Lagrangian L R in terms of the W fields is given by
In the infinite mass limit, m V → ∞, the W field decouples because of the presence of the mass term m V W † W /2. In order to remove the parallel component, one can impose the constraint v · V = 0 or v · W = 0. Alternatively, we can remove W by making use of the equation of motion,
which also shows that W is suppressed by powers of 1/m V relative to the perpendicular component
Having removed the parallel component the resulting effective Lagrangian simplifies to
The first term is the kinetic term for the vector meson in the heavy effective theory. Vector meson fields which appear in the following are the effective fields W µ and W † µ . The partial derivative i∂ µ acting on these effective fields produces a small residual momentum r µ , defined as
where k µ is the usual four-momentum of the vector meson. We assume here that the residual momentum is of the size of the low momentum of the pseudo scalar meson. This assumption holds in interaction processes with soft pions.
III. WILSON CHIRAL PERTURBATION THEORY FOR VECTOR MESONS
The chiral effective Lagrangian for heavy vector mesons is expanded in powers of the small pseudo scalar momenta and masses, and the residual momentum r µ of the vector mesons. The symmetries of QCD, in particular chiral symmetry, dictate the form of the terms in the chiral Lagrangian. Even though the quark masses explicitly break chiral symmetry, their effect is properly taken into account by a spurion analysis, where the quark mass matrix is assumed to transform non-trivially under chiral transformations in an intermediate step.
The same principles apply to Wilson χ PT, the low energy effective theory for Lattice QCD with
Wilson fermions. The main difference is the presence of an additional expansion parameter, the lattice spacing a [4, 17] . The non-zero lattice spacing is also taken into account by the spurion analysis, and the transformation behaviour of the corresponding spurion field is exactly the same as for the quark masses. Constructing the terms in the chiral Lagrangian of Wilson χ PT for vector mesons is therefore straightforward. Apart from the presence of two instead of one spurion field there is essentially no difference to Ref. [8] . The order counting, however, is not entirely obvious, since both the quark masses and the lattice spacing are expansion parameters and their relative size is important for a consistent power counting, as we will discuss in section III B.
A. Matter and spurion fields
The pseudo scalar meson field is introduced as usual as an SU(3) unitary matrix
The SU(3) generators T a (a = 1, . . . , 8) are normalized such that
and f is the leading order pseudo scalar decay constant in the chiral limit. 2 The field Σ transforms according to Σ → LΣR −1 under chiral rotations with L ∈ SU (3) L and R ∈ SU (3) R . The square 2 Our normalization corresponds to f ≈ 132 MeV.
root of Σ,
is needed to describe the interaction of the pseudo scalars with the vector mesons. It transforms under chiral transformations according to
with an SU(3) matrix U . In fact, eq. (14) defines U , which is a function of L, R, and Π. For vector transformations with L = R one finds U = L = R.
The vector meson fields are introduced as an octet
and a singlet S µ = φ 0 µ . These fields are required to satisfy the constraints
in order to describe spin 1 particles with three polarization states. As stated in the previous section, this constraint can be enforced by applying the projector P µν on the vector meson fields. In the following we assume that this projector has been applied, i.e. we implicitly assume S µ = P µν S ν
For the construction of the chiral Lagrangian the quark masses and the lattice spacing are treated as spurion fields. For the quark mass matrix we usẽ
whereM 0 andM 8 are expressed in terms ofm andm s
We use the tilde in order to highlight that the quark massesm andm s denote shifted quark masses, which are defined such that the tree level pseudo scalar meson masses become zero ifm =m s = 0.
See Ref. [1] and also appendix A for details.
We introduce a spurion field A to include the effect of a non-zero lattice spacing a. This field transforms under chiral transformations just as the quark mass field M (M =M q after the spurion analysis), i.e. 
, charge conjugation C and parity P . In the parity transformed expressions it is understood that the argument is (− → x , t).
Once the chiral Lagrangian is derived, the spurion is set to aI where I denotes the unit matrix in flavor space.
For the construction of the chiral Lagrangian it will also be useful to introduce the following quantities:
The transformation behavior of these quantities as well as of the meson and spurion fields under chiral rotations in G = SU (3) L × SU (3) R , charge conjugation C and parity P are summarized in table I.
B. Power counting
Having defined the meson and spurion fields it is straightforward to write down the most general chiral Lagrangian which is compatible with chiral symmetry, charge conjugation and parity.
However, since we have two sources for explicit chiral symmetry breaking, the quark masses and the lattice spacing, their relative size matters for an appropriate power counting. Moreover, the power counting one wants to employ for the vector meson chiral Lagrangian should be consistent with the one adopted for the pure pseudo scalar chiral Lagrangian.
In Ref.
[1] the O(a 2 ) terms are included in the leading order chiral Lagrangian. To be consistent we adopt here the following power counting scheme:
Here p represents both the residual momentum of the vector meson and the momentum of the pseudo scalar meson, and m denotes the quark mass. This counting scheme assumes p ∼ a. This implies p 2 ∼ a 2 , and therefore maintains consistency with the power counting of Ref. [1] for the pure pseudo scalar sector.
We have listed the NNLO contributions in eq. (25), because some NNLO terms enter already the one-loop calculation of the vector meson masses. To discuss this point, let us define a generic power counting scale E of order p ∼ a, so that the LO terms or of O(E), the NLO terms are O(E 2 ) and so on. Just from a dimensional analysis one finds that a one-loop integral involving a vertex from the LO Lagrangian gives an O(E 3 ) contribution to the vector meson mass. Therefore, some of the coefficients in the NNLO Lagrangian are needed as counterterms for the cancellation of the one-loop divergences. The coefficients of the NLO Lagrangian, on the other hand, are not needed as counterterms, since there are no one loop corrections with dimension E 2 . This situation is different from the pure pseudo scalar sector where the divergences in the one-loop contribution from the LO Lagrangian are canceled by the tree level terms coming from the NLO Lagrangian.
The structure of the correction to the vector meson masses can be summarized as follows: 
where µ c is the vector meson mass in the chiral limit. In fact, the second term on the right hand side of eq. (26) comes from the O(a) Lagrangian only. As has been shown in Ref. [8] , the O(p) term does not contribute at tree level and the chiral correction to the vector meson mass starts at
In this paper we are only interested in deriving the vector meson masses through O(E 3 ). In that case we neither need the NLO terms of O(ap, p 2 ) nor the NNLO terms of O(mp, p 3 , ap 2 , a 2 p). The reason is that all these terms contain at least one momentum factor p. By using the lowest order equation of motion, we can replace the residual vector meson momentum with the momentum p π of the pseudo scalar and a contribution to proportional to a. 3 The resulting term has a part with at least one p π and a part of O(a 2 , am, a 3 ). For the former, p π ∼ ∂ µ π implies that this term always contains at least one pseudo scalar field together with a derivative ∂ µ . This kind of term results in a three-point vertex (vector-vector-pseudo scalar) as a non-vanishing leading term and does not give a tree level contribution to the vector meson mass. Hence the terms of O(ap, p 2 , mp, p 3 , ap 2 , a 2 p)
are not needed for our calculation and we do not list these terms in the next subsection.
C. Effective Lagrangian
In this section, we show our results for the terms in the chiral Lagrangian which contribute to the vector meson mass through order E 3 . By construction it involves the meson fields and is invariant under Lorentz and chiral transformations, charge conjugation and parity. 4 
O(p):
3 The leading order equation of motion, (−iv · ∂ + aαs)S µ , is easily read off from the LO chiral Lagrangian, see eq. (A2) in appendix A 1. 4 Just for convenience we present our results in Minkowski space, which does not make a difference for the computation of the vector meson masses. The underlying lattice theory, however, is usually formulated for Euclidean space time.
with X = tr(X) for flavor indices. The derivative i∂ µ acting on the vector mesons provides the residual momentum r µ = k µ − µ V v µ . We therefore consider the kinetic terms for the vector mesons as O(p). The terms proportional to g 1 and g 2 involve A λ , defined in eq. (23) . Expanding in terms of the pseudo scalar fields this quantity starts as A λ = ∂ λ Π/f +O(Π 3 ). The presence of the derivative means that both the g 1 and g 2 term are of O(p).
As is well known, the vector mesons are not stable. This effect can be taken into account by including an anti-hermitian term in the Lagrangian whose coefficient is proportional to the decay width. However, the decay width is rather small and this contribution is usually ignored [8] . We also neglect this term in this paper.
O(a): 
Note that the leading order mass terms µ s S † 
In total we find twenty terms, however, the parts involving W − are not needed. By expanding in powers of the pseudo scalar field one finds W − = (2ia/f ) Π at leading order. Hence, all these terms have at least two pseudo scalar fields and therefore do not contribute to the vector meson masses at tree level. 5 We assumed the definition mV = µo. If we had chosen mV = µs the last term in eq. (29) 
O(am):
One can easily check that M − ∼ Π at leading order. Therefore, the terms involving M − and W − do not contribute to the vector meson mass at the order we are working.
For our purposes it is not necessary to list the full O(a 3 ) Lagrangian, which is quite cumbersome.
Since we will not encounter any divergences proportional to a 3 in our calculation, we do not need the coefficients in the O(a 3 ) Lagrangian as counterterms. The tree level contribution of the O(a 3 ) Lagrangian merely gives an analytic a 3 term to the singlet and octet vector meson mass, which we can simply add to our final one loop result. Note, however, that the O(a 3 ) Lagrangian does not give an off diagonal contribution to the singlet-octet two point function at O(E 3 ). All possible ways to take the trace in terms like 
The Lagrangian in terms of the component fields π a , ρ a µ for the pseudo scalar and vector mesons is presented in appendix A, together with the Feynman rules relevant for the calculation of the vector meson masses.
D. Vector meson masses
The full propagator for the ρ and the K * is given by
where a, b runs from 1 to 7. Recall that the external four-momentum for the octet vector meson is written as k ν = µ o v ν + r ν where µ o is the octet mass in the chiral limit. Using the Feynman rules summarized in appendix A we obtain for the octet-to-octet self energy through
and d abc is the totally symmetric d-symbol of su(N ). 6 The coefficients α oi are particular combinations of the low energy constants α 1 , . . . , α 4 which enter eq. (28). Similarly, the coefficients β o and γ oi are combinations of the low energy constants β 1 , . . . , β 10 and γ 1 , . . . , γ 12 , respectively. The full expressions for these combinations can be found in appendix A, even though it will not be necessary to keep track of the original constants in the following. The functions C 21 (ω, M ) and I 0 (M ) stem from the loop integral and are defined as
with the dimension n. The one-loop integrals encountered here are essentially the same as those in baryon chiral perturbation theory, and a detailed derivation of the formulae (38) -(41) can be found in Ref. [18] .
In order to cancel the divergence in R, defined in eq. (41), the O(am) coefficients γ i (i = o1, o2)
need to be properly renormalized,
where the coefficient B is a low-energy parameter in the LO chiral Lagrangian for the pseudo scalars (see Ref. [1] and appendix A). The coefficients γ r i (µ) denote renormalized parameters, µ is the renormalization scale 7 , and the coefficients C i are given by
The on-shell condition for the ρ and K * meson (a = 1, · · · , 7) is given by (no sum over a)
where m a is the physical mass. So far we have chosen to express the self energy as a function of the four-momentum k µ . Σ aa O (k) may also be parametrized by the scalar variables w o and w s , defined in eq. (37), and we can write Σ aa
It is easy to see that the definition of w o together with the on-shell condition (45) yields,
7 In the following we will simply write γ r i for the renormalized parameters and suppress the dependence on µ.
w o is considered to be of O(E 2 ) since the self energy Σ aa O is of O(E 2 ). For w s we find the similar result
Here we assume that the difference between the leading lattice artifacts for the octet and the singlet mass is of order E 2 and therefore small 8 ,
This is supported by a strong coupling analysis performed in Ref. [19] . Expanding the effective potential through second order in terms of the vector meson fields, it has been shown that there exists no difference between the singlet and octet vector meson to all orders in the strong coupling expansion. Whether w s and w o is small away from the strong coupling limit can and should be checked in the actual lattice simulation.
Provided the assumption (48), both w s and w o are of O(E 2 ) and we can set w o,s = 0 in Σ aa O , since the difference is beyond the order we are working to. We therefore conclude that
Note that the function C 21 becomes much simpler when the first argument is set to zero,
Let us now consider the sector of the ρ 8 and the φ 0 mesons. Due to mixing, the propagator for this sector is written as a 2×2 matrix,
where the self energies for octet-to-octet (a = 8), singlet-to-singlet and octet-to-singlet are given 8 
If this assumption is not valid, then ws is of O(a) ∼ O(E).
In this case, the function C21(ws,ma) in eq.(36) contains divergences whose coefficients are of order am and a 3 . Such divergences would alter the renormalization conditions for γo1,o2 in eq. (42). Also the O(a 3 ) counterterms may receive a divergent renormalization in order to cancel additional divergences. Furthermore, if ws is of O(a), the condition w 2 < M 2 in eq. (39) may not be valid. Hence the functional form of J(w, M ) might be changed according to the relation between w and M as in Ref. [18] eq.(C.27).
For the cancellation of R, in a similar way to the case of ρ-K * sector, O(am) coefficients γ i (i = s, os)
should be renormalized as in eq. (42) with
The physical masses m i , i = 1, 2, for this sector are determined by the on-shell condition
at k µ = m i v µ . The task is to solve the equation
with respect to the mass m i , where we have defined Σ ′ S as Σ S = Σ ′ S − ∆µ. The solutions of the equation are given by
Assuming that the SU(3) breaking (m −m s )/3 is smaller than the average (2m +m s )/3 of the quark masses 9 together with {∆µ + a∆α − (Σ ′ S − Σ O )} > 0, the physical masses are given by
9 This assumption means that the diagonal part is dominant compared to the off-diagonal element,
As in the case of the ρ and K * sector, we consider the self energies Σ O,OS and Σ ′ S as functions ofw o,s when we impose the on-shell condition. Setting the physical masses equal to m ± , the parameters w o,s are given as
Hence it turns out that both w o and w s are of O(E 2 ), since ∆µ, a∆α, Σ O,S and Σ OS are of O(E 2 ).
Therefore, we can set w o,s = 0 in the self energies, as we did in the ρ-K * sector.
With these preparations our one-loop results for the vector meson masses are as follows:
3(x + 2y)
where θ denotes the mixing angle in the ρ 8 -φ 0 sector. We introduced the two parameters
as a short hand notation for convenient combinations of quark masses [1] . The leading order pseudo scalar masses assume a very simple form in terms of x and y,
For the chiral logarithms stemming from the loop integration we have introduced
The functions
parametrize the analytic lattice spacing dependence. We have, for convenience and for the sake of transparency, introduced new constants V i , S i , i = 1, . . . 4 and λ (j)
x,y , σ (j)
x,y , j = 1, 2. These new constants are combinations of the low energy constants in the chiral Lagrangian. They are explicitly
However, from a practical point of view there is no need to keep track of the original low energy constants. Note that we have added an O(a 3 ) term for the octet and singlet vector meson mass, but not for the singlet-octet mixed contribution m (08) , as discussed in sect. III C.
Note that there are chiral logarithms present in the results for the vector meson masses. These chiral corrections are a lattice artifact, as can be seen from the presence of the a in front of the logarithms. This chiral log contribution vanishes in the continuum limit and the mass formulae converge to the results given in Ref. [8] . However, as long as the lattice spacing is non-zero, there are two kinds of non-analytical quark mass dependence, proportional to m 3/2 q and m q log m q . It will be very interesting to study the competition of these two contributions in actual lattice simulations.
Let us count the number of unknown parameters. In the case of the ρ and K * meson, we find twelve unknown combinations of low-energy constants:
as long as we are interested in performing fits to lattice data at a given and fixed lattice spacing a, this number essentially reduces to seven independent constants:
For the m ± sector, we have additional ten low energy constants:
y , α os , α s . When we consider at a fixed lattice spacing, there are essentially five independent constants: m S , σ x , σ y , α os , α s .
IV. CONCLUDING REMARKS
We have derived the one loop expressions for vector meson masses using an effective theory based on the heavy vector meson formalism of Ref. [8] . The effects due to a non-vanishing lattice spacing introduce a fair number of new unknown low-energy constants in the chiral Lagrangian.
However, the actual number of fit parameters in the mass formulae seems small enough for the expressions to be useful for the chiral extrapolation of actual lattice data. In the case of the ρ and K * meson mass, the number of unknown fit parameters is seven. The numerical simulations of the CP-PACS/JLQCD collaboration are carried out with five different (degenerate) up and down quark masses and two different values for the strange quark mass. The total number of independent data points is 18 without data for the φ and ω mesons. If one measures these masses including noisy disconnected contributions, the number of data points increases to 36. In both cases the number of data points is well above 7.
Here we have calculated the expressions for the vector meson masses only. In the calculation of the vector meson decay constants some additional low-energy constants enter, depending on the choice for the vector current. Apart from this the calculation is straightforward and currently under way [20] .
Our main motivation for the calculation presented here was to derive fit forms for the chiral extrapolation of the vector meson masses. If our formulae describe the lattice QCD data well, we obtain, as a byproduct, estimates for the low energy constants of the chiral effective theory for vector mesons. Particularly promising are the leading order parameters g 1 and g 2 . These couplings are not corrected by lattice artifacts through O(E 3 ). Provided that the corrections of O(E 4 ) and higher are negligible, we have a good chance to determine g 1 and g 2 in a fit, even if lattice data is available for one lattice spacing only. The chiral quark model [21] predicts g 2 = 0.75 in the large N c limit where
On the other hand, the estimate g 2 ∼ 0.6 is given in Ref. [22] , where vector meson χ PT is applied to τ decay processes together with a comparison of the results with experimental data. If we are able to extract g 1 and g 2 in a fit to lattice QCD data, we obtain results based on first principles QCD without relying on model dependent assumptions or the large
The heavy vector meson formalism of Ref. [8] is not the only way to derive an effective theory for vector mesons. Another approach employs the so-called hidden local symmetry [23] . Also this approach has a definite counting scheme, and in principle one can formulate it for non-zero lattice spacing too. It would be interesting to perform the calculation of the vector meson masses based on this alternative approach. The comments in the previous paragraph about the extraction of low energy constants through a fit to lattice data applies to this effective theory as well.
Expanding the Lagrangian
In terms of the component fields, the LO Lagrangian which includes up to two pseudo scalar meson fields is expressed as 
where the newly introduced coefficients relate to the ones defined in eq. (28) according to
The summation over roman indices is understood to range from 1 to 8. f abc and d abc are the structure constants and the totally symmetric d-symbol of su(N) respectively. Obviously, we are most interested in the case N = 3.
The NLO and NNLO Lagrangian results in the following tree level contribution to the vector meson masses: 
γ o1 = 2γ 6 + γ 7 + N γ 8 ,
γ o2 = 2γ 9 + γ 10 + N γ 11 .
Propagators
The propagator for the singlet and octet vector meson is given by
where r µ is the residual momentum.
For the pseudo scalar meson, the propagator is
where the leading order pseudo scalar massm 2 a of Ref. [1] is used. The explicit form of the mass ism [17] , and c 2 ,c 2 are O(a 2 ) terms [9, 24] . They are low energy constants in the pure pseudo scalar meson sector. The massm 2 a is expressed in terms of the shifted quark masses, 
